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Abstract
Given a digraph D with m arcs, a bijection τ : A(D) → {1, 2, . . . ,m} is an antimagic
labeling of D if no two vertices in D have the same vertex-sum, where the vertex-sum of a
vertex u in D under τ is the sum of labels of all arcs entering u minus the sum of labels of all
arcs leaving u. We say (D, τ) is an antimagic orientation of a graph G if D is an orientation of
G and τ is an antimagic labeling of D. Motivated by the conjecture of Hartsfield and Ringel
from 1990 on antimagic labelings of graphs, Hefetz, Mu¨tze, and Schwartz in 2010 initiated the
study of antimagic orientations of graphs, and conjectured that every connected graph admits an
antimagic orientation. This conjecture seems hard, and few related results are known. However,
it has been verified to be true for regular graphs and biregular bipartite graphs. In this paper,
we prove that every connected graph G on n ≥ 9 vertices with maximum degree at least n− 5
admits an antimagic orientation.
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1 Introduction
In this paper, all graphs are finite and simple, and all multigraphs are finite and loopless. For a
graph G, we use V (G), E(G), |G|, e(G), ∆(G) and δ(G) to denote the vertex set, edge set, number
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of vertices, number of edges, maximum degree, and minimum degree of G, respectively. We use
the convention “S :=” to mean that S is defined to be the right-hand side of the relation. For a
positive integer k, we define [k] := {1, 2, . . . , k}. We use Pn, Cn, Kn, Sn−1 and Wn−1 to denote the
path, cycle, complete graph, star and wheel on n vertices, respectively.
An antimagic labeling of a graph G with m edges is a bijection τ : E(G) → [m] such that
for any distinct vertices u and v, the sum of labels on edges incident to u differs from that for
edges incident to v. A graph is antimagic if it has an antimagic labeling. Hartsfield and Ringel [8]
introduced antimagic labelings in 1990 and conjectured that every connected graph other than K2
is antimagic. The most recent progress on this problem is a result of Eccles [6], which states that
there exists an absolute constant c0 such that if G is a graph with average degree at least c0, and
G contains no isolated edge and at most one isolated vertex, then G is antimagic. This improves
a result of Alon, Kaplan, Lev, Roditty, and Yuster [1], which states that there exists an absolute
constant c such that every graph on n vertices with minimum degree at least c log n is antimagic.
Hartsfield and Ringel’s Conjecture has also been verified to be true for d-regular graphs with d ≥ 2
(see [4, 5, 2, 3]), and graphs G with ∆(G) ≥ |G| − 3 ≥ 6 by Yilma [13]. For more information on
antimagic labelings of graphs and related labeling problems, see the recent informative survey [7].
Motivated by Hartsfield and Ringel’s Conjecture, Hefetz, Mu¨tze, and Schwartz [9] introduced
antimagic labeling of digraphs. Let D be a digraph and A(D) and V (D) be the set of arcs and
vertices of D, respectively. Let {a1, . . . , ap} be a set of p ≥ m := |A(D)| positive integers. For
an injective mapping τ : A(D) → {a1, . . . , ap} and for all u ∈ V (D), we define s(D,τ)(u) to be the
sum of labels of all arcs entering u minus the sum of labels of all arcs leaving u under τ when u is
not an isolated vertex in D, and let s(D,τ)(u) := 0 when u is an isolated vertex in D. A bijection
τ : A(D)→ [m] is an antimagic labeling of D if s(D,τ)(u) 6= s(D,τ)(v) for all distinct vertices u and
v in D. A digraph D is antimagic if it has an antimagic labeling. We say (D, τ) is an antimagic
orientation of a graph G if D is an orientation of G and τ is an antimagic labeling of D. Hefetz,
Mu¨tze, and Schwartz [9] proved that every orientation of Sn with n 6= 2, Kn with n 6= 3, and
Wn with n ≥ 3 is antimagic, they further asked whether it is true that every orientation of any
connected graph, other than K3 and P3, is antimagic. The same authors proved an analogous result
of Alon, Kaplan, Lev, Roditty, and Yuster [1], which states that there exists an absolute constant
c such that every orientation of any graph on n vertices with minimum degree at least c log n is
antimagic. As pointed out in [9], “Proving that every orientation of such a graph is antimagic,
however, seems rather difficult.” As a relaxation of this problem, Hefetz, Mu¨tze, and Schwartz [9]
proposed the following conjecture.
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Conjecture 1.1 ([9]) Every connected graph admits an antimagic orientation.
Very recently, Conjecture 1.1 has been verified to be true for regular graphs (see [9, 10, 12]), and
biregular bipartite graphs with minimum degree at least two by Shan and Yu [11]. Motivated by
the work of Yilma [13], we establish more evidence for Conjecture 1.1 in this paper by studying
antimagic orientations of graphs with large maximum degrees. We prove the following main result.
Theorem 1.2 Let G be a connected graph.
(i) If ∆(G) ≥ |G| − 3, then G has an antimagic orientation.
(ii) If ∆(G) = |G| − t ≥ 4 for each t ∈ {4, 5}, then G has an antimagic orientation.
We prove Theorem 1.2 in Section 3. The main idea of the proofs of Theorem 1.2 and the
preliminary results (stated and proved in Section 2) is to use Eulerian orientations. This strategy
was first used in [9] and then in [10, 12]. Our method here is more involved to obtain antimagic
orientations of such graphs.
We conclude this section by introducing more notation. Given a graph G, sets S ⊆ V (G) and
F ⊆ E(G), we use G \ S to denote the subgraph obtained from G by deleting all vertices in S,
G \ F the subgraph obtained from G by deleting all edges in F , and G[S] the subgraph obtained
from G by deleting all vertices in V (G) \S. We simply write G \ v when S = {v}. For two disjoint
sets A,B ⊆ V (G), A is complete to B in G if each vertex in A is adjacent to all vertices in B. We
simply say a is complete to B when A = {a}. For convenience, we use A \B to denote A−B; and
A \ b to denote A − {b} when B = {b}. For each vertex v ∈ V (G), let N(v) denote the set of all
vertices adjacent to v in G and let N [v] := N(v) ∪ {v}. A closed walk in a multigraph is an Euler
tour if it traverses every edge of the graph exactly once. The following is a result of Euler.
Theorem 1.3 (Euler 1736) A connected multigraph admits an Euler tour if and only if every
vertex has even degree.
2 Preliminaries
We begin this section with Lemma 2.1 which will be applied in the proofs of the remaining results
in this paper.
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Lemma 2.1 Let G be a graph with m ≥ 1 edges and let a1, . . . , am be m positive integers with
a1 < · · · < am. Then there exist an orientation D of G and a bijection τ : A(D) → {a1, . . . , am}
such that for all v ∈ V (G),
s(D,τ)(v) ≥ −am.
Proof. LetG and a1, . . . , am be given as in the statement. We may assume thatG is connected. Let
A be the set (possibly empty) of all vertices v ∈ V (G) with d(v) odd. Then |A| = 2t for some integer
t ≥ 0. Let G∗ := G when t = 0. When t ≥ 1, we may assume that A := {x1, x2, . . . , x2t}. Let G∗ be
obtained from G by adding t new edges xixi+t for all i ∈ [t]. Then e(G∗) = m+ t. By Theorem 1.3,
G∗ contains an Euler tour with vertices and edges v1, e1, v2, e2, . . . vm+t, em+t, v1 in order, where
v1, . . . , vm+t are not necessarily distinct, and edges e1 = v1v2, e2 = v2v3, . . . , em+t = vm+tv1 are
pairwise distinct. We may further assume that e1 ∈ E(G). Let 1 = i1 < i2 < · · · < im ≤ m+ t be
such that ei1 , . . . , eim are all the edges of G. Let D be the orientation of G obtained by orienting
each edge eij from vij to vij+1 for all j ∈ [m]. Let τ : E(G) → {a1, . . . , am} be the bijection such
that τ(eij ) = am+1−j for all j ∈ [m]. It can be checked that for all v ∈ V (G), s(D,τ)(v) ≥ −am.
This completes the proof of Lemma 2.1. 
Remark. For the sake of simplicity and clarity of presentation, we shall apply Lemma 2.1 to graphs
H with no edges. Under those circumstances, we shall let D with V (D) = V (H) and A(D) = ∅ be
the orientation of H, and τ : A(D)→ ∅ with s(D,τ)(v) = 0 for all v ∈ V (D) be the bijection.
Lemma 2.2 Let G be a connected graph and let x ∈ V (G) be a vertex of degree ∆(G) ≤ |G| − 2.
If V (G) \N [x] is an independent set, then G admits an antimagic orientation.
Proof. Let G and x be given as in the statement. Then t := |V (G) \ N [x]| ≥ 1 because d(x) ≤
|G| − 2. Let V (G) \ N [x] := {y1, . . . , yt}. Let d := d(x) and di := d(yi) for all i ∈ [t]. Since G is
connected, we may assume that 1 ≤ d1 ≤ · · · ≤ dt. Let m1 := d1+· · ·+dt and let e1, . . . , em1 ∈ E(G)
be all the edges between {y1, . . . , yt} and N(x) in G such that y1 is incident with e1, . . . , ed1 , and
for all i ∈ {2, . . . , t}, yi is incident with ed1+···+di−1+1, . . . , ed1+···+di . By Lemma 2.1 applied to
H := G\{x, y1, . . . , yt}, there exist a bijection τ ′ : E(H)→ {m1 + 1, . . . ,m−d} and an orientation
D′ of H such that s(D′,τ ′)(v) ≥ −(m − d) for all v ∈ N(x). Let D be the orientation of G
obtained from D′ by orienting all the edges between {x, y1, . . . , yt} and N(x) towards N(x). Let
τ ′′ : A(D \ x)→ [m− d] be the bijection obtained from τ ′ by letting τ ′′(ei) = i for all i ∈ [m1]. We
may further assume that N(x) := {x1, . . . , xd} with s(D\x,τ ′′)(x1) ≤ · · · ≤ s(D\x,τ ′′)(xd). Finally,
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let τ : A(D)→ [m] be the bijection obtained from τ ′′ by letting τ(xxi) = m− d+ i for all i ∈ [d].
Then for all i ∈ [d],
s(D,τ)(xi) = s(D\x,τ ′′)(xi) + (m− d+ i) ≥ −(m− d) + (m− d+ i) > 0.
By the choice of (D, τ) and the fact that d(x) = ∆(G), it follows that
s(D,τ)(x) < s(D,τ)(yt) < · · · < s(D,τ)(y1) < 0 < s(D,τ)(x1) < · · · < s(D,τ)(xd).
Hence (D, τ) is an antimagic orientation of G. This completes the proof of Lemma 2.2. 
We end this section by proving that Conjecture 1.1 is true for graphs G with |G| ≥ 9 and a
dominating set of size two. Theorem 2.3 implies that every complete multipartite graph admits an
antimagic orientation.
Theorem 2.3 Let G be a graph and let x, y ∈ V (G) be distinct such that N [x]∪N [y] = V (G) and
d(x) ≥ d(y). If d(x) ≥ 4 or N(x) ∩N [y] 6= ∅, then G admits an antimagic orientation.
Proof. Let G and x, y be given as in the statement. Then d(x) ≥ d(y). Let n := |G|, m := e(G)
and A := V (G) \ {x, y}. Since N [x] ∪ N [y] = V (G), we see that every vertex in A is adjacent to
either x or y in G.
Assume first that N(x) ∩ N [y] = ∅. Then d(x) ≥ 4, xy /∈ E(G), N(x) ∩ N(y) = ∅ and
N(x)∪N(y) = A. Let ev be the unique edge between v and {x, y} in G for all v ∈ A. By Lemma 2.1
applied to H := G\{x, y}, there exist an orientation D′ of H and a bijection τ ′ : A(D′)→ [m−n+2]
such that s(D′,τ ′)(v) ≥ −(m−n+2) for all v ∈ A. We may further assume thatA = {v1, v2, . . . , vn−2}
with s(D′,τ ′)(v1) ≤ · · · ≤ s(D′,τ ′)(vn−2). Let D be the orientation of G obtained from D′ by orienting
each edge evi towards vi for all i ∈ [n − 2]. Let τ : A(D) → [m] be the bijection obtained
from τ ′ by letting τ(evi) = m − n + 2 + i for all i ∈ [n − 2]. Then by the choice of (D, τ),
0 < s(D,τ)(v1) < · · · < s(D,τ)(vn−2), because for all i ∈ [n− 2],
s(D,τ)(vi) = s(D′,τ ′)(vi) + (m− n+ 2 + i) ≥ −(m− n+ 2) + (m− n+ 2 + i) > 0.
Note that s(D,τ)(x) < 0 and s(D,τ)(y) ≤ 0. Then (D, τ) is an antimagic orientation of G if
s(D,τ)(x) 6= s(D,τ)(y). We may assume that s(D,τ)(x) = s(D,τ)(y). Since d(x) ≥ 4, we see that
s(D,τ)(x) < −4(m−n+3). By the choice of τ , τ(ev1) = m−n+3. Let x′, y′ be a permutation of x, y
such that ev1 = v1x
′. Let D∗ be obtained from D by reorienting the edge v1x′ away from the vertex
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v1. Then s(D∗,τ)(x
′) = s(D,τ)(x)+2(m−n+3) < −2(m−n+3), s(D∗,τ)(y′) = s(D,τ)(x) < s(D∗,τ)(x′),
s(D∗,τ)(v1) = s(D,τ)(v1) − 2(m − n + 3) ≥ −(m − n + 2) − (m − n + 3) = −2(m − n + 3) + 1, and
s(D∗,τ)(v) = s(D,τ)(v) for all v ∈ V (G) \ {v1, x′}. It follows that
s(D∗,τ)(y
′) < s(D∗,τ)(x′) < s(D∗,τ)(v1) < · · · < s(D∗,τ)(vn−2).
Hence (D∗, τ) is an antimagic orientation of G.
Assume next that t := |N(x)∩N [y]| ≥ 1. Then d(y) ≥ 1. Let N(x)∩N [y] := {x1, . . . , xt} such
that x1 = y if xy ∈ E(G). Then x is complete to {x1, . . . , xt} and y is complete to {x1, . . . , xt}\{y}
in G. The statement holds trivially when n ≤ 3. We may assume that n ≥ 4. For all v ∈ A, let
ev be the unique edge between v and {x, y} in G \ {xx1, . . . , xxt}. By Lemma 2.1 applied to
H := G \ {x, y}, there exist a bijection τ ′ : E(H)→ {t+ 1, . . . ,m−n+ 2} and an orientation D′ of
H such that s(D′,τ ′)(v) ≥ −(m−n+ 2) for all v ∈ A. Let D′′ be the orientation of G \ {ev : v ∈ A}
obtained from D′ by orienting the edge xx1 away from the vertex y when x1 = y and every edge
xxi away from the vertex x for all i ∈ [t] with xi 6= y. Let τ ′′ : E(G)\{ev : v ∈ A} → [m−n+ 2] be
the bijection obtained from τ ′ by letting τ ′′(xxj) = j for all j ∈ [t]. We may further assume that
A = {v1, v2, . . . , vn−2} with s(D′′,τ ′′)(v1) ≤ · · · ≤ s(D′′,τ ′′)(vn−2). Finally, let D be the orientation
of G obtained from D′′ by orienting each edge ev towards the vertex v for all v ∈ A, and let
τ : A(D) → [m] be the bijection obtained from τ ′′ by letting τ(evi) = m − n + 2 + i for all
i ∈ [n− 2]. Then by the choice of (D, τ), 0 < s(D,τ)(v1) < · · · < s(D,τ)(vn−2), because s(D,τ)(vi) ≥
s(D′′,τ ′′)(vi) + (m− n+ 2 + i) ≥ −(m− n+ 2) + (m− n+ 2 + i) > 0 for all i ∈ [n− 2]. Note that
s(D,τ)(x) < 0 and s(D,τ)(y) < 0. Then (D, τ) is an antimagic orientation ofG if s(D,τ)(x) 6= s(D,τ)(y).
So we may assume that s(D,τ)(x) = s(D,τ)(y). Then d(y) > 1 because n ≥ 4. Assume that xi is
complete to {x, y} in G for some i ∈ [t]. Let τ∗ : A(D) → [m] be the bijection obtained from τ
by letting τ∗(xxi) = τ(yxi), τ∗(yxi) = τ(xxi) and τ∗(e) = τ(e) for all e ∈ E(G) with e 6= xxi, yxi.
Then (D, τ∗) is an antimagic orientation of G. Next, assume that t = 1 and xy ∈ E(G). Let D∗
be the orientation of G obtained from D by reorienting the edge xy towards the vertex y. Then
(D∗, τ) is an antimagic orientation of G.
This completes the proof of Theorem 2.3. 
3 Proof of Theorem 1.2
We are now ready to prove Theorem 1.2. Let G be a connected graph. Let x ∈ V (G) be such
that d(x) = ∆(G). Let Y := V (G) \N [x]. To prove Theorem 1.2(i), assume that d(x) ≥ |G| − 3.
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By Lemma 2.2, we may assume that d(x) = |G| − 1 or d(x) = |G| − 3 and G[Y ] = K2. Let
y ∈ N(x) be an arbitrary vertex when d(x) = |G| − 1, and let y ∈ Y such that N(y) ∩ N(x) 6= ∅
when ∆(G) = |G| − 3 (this is possible because G is connected). Then N [x] ∪ N [y] = V (G) and
N(x) ∩N [y] 6= ∅. By Theorem 2.3, G admits an antimagic orientation.
To prove Theorem 1.2(ii), assume that d(x) = |G| − t ≥ 4, where t ∈ {4, 5}. Then |G| ≥ t + 4
and d(x) ≥ 4. Let Y := {y1, . . . , yt−1}. By Lemma 2.2 and Theorem 2.3, we may assume that
1 ≤ ∆(G[Y ]) ≤ t − 3. Let Y1, . . . , Yr be all components of G[Y ] with |Y1| ≥ · · · ≥ |Yr|, where
1 ≤ r ≤ t − 2. Choose z1, . . . , zr ∈ N(x) (not necessarily distinct) such that for each i ∈ [r], zi is
adjacent to a vertex in Yi. This is possible because G is connected. For each i ∈ [r], let ei be an
arbitrary edge between zi and Yi in G. Let H0 be the subgraph of G with V (H0) = Y ∪{z1, . . . , zr}
and E(H0) = {ei : i ∈ [r]} ∪ E(G[Y ]). Let H1 be the bipartite subgraph of G with bipartition
{Y,N(x)} and E(H1) = EG(Y,N(x))\{ei : i ∈ [r]}, where EG(Y,N(x)) denotes the set of all edges
between Y and N(x) in G.
Figure 1: Antimagic orientations of all possible G when H0 = P5 and m ∈ {8, 9}.
Let m := e(G). Then m ≥ |G| − 1 ≥ t+ 3. Note that if G[Y ] = P4, then Y1 = G[Y ], t = 5 and
m ≥ t+ 3 = 8. In this case, we choose z1 so that z1 is adjacent to a vertex of degree two in G[Y ]
if possible. Hence, the statement holds when H0 = P5 and m ≤ 9, as depicted in Figure 1. We
may assume that m ≥ 10 when H0 = P5. We next find an orientation D0 of H0 and an injective
mapping τ0 : A(D0) → {1, . . . , 6} when H0 6= P5, and τ0 : A(D0) → {1, . . . , 6, 10} when H0 = P5
and m ≥ 10 such that −4 ≤ s(D0,τ0)(yi) ≤ 0 for all i ∈ [t−1], and 0 < |s(D0,τ0)(yi)−s(D0,τ0)(yj)| ≤ 4
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for 1 ≤ i < j ≤ t − 1. Then s(D0,τ0)(y1), . . . , s(D0,τ0)(yt−1) are pairwise distinct. Such a (D0, τ0)
is depicted in Figure 2(a,b) when e(G[Y ]) = 1, Figure 2(d,e,f) when e(G[Y ]) = 2, Figure 2(g,h,i)
when e(G[Y ]) = 3, and Figure 2(c) when e(G[Y ]) = 4, respectively.
Figure 2: (D0, τ0) of all possible H0 according to e(G[Y ]).
For i, j ∈ [t− 1] with i 6= j, we define yi ≺ yj if either dH1(yi) < dH1(yj), or dH1(yi) = dH1(yj)
and s(D0,τ0)(yi) > s(D0,τ0)(yj). This is possible because s(D0,τ0)(y1), . . . , s(D0,τ0)(yt−1) are pairwise
distinct. We may assume that y1 ≺ y2 ≺ · · · ≺ yt−1. Let N0 := τ0(A(D0)), N1 be the set (possibly
empty) of dH1(y1) many smallest numbers in {5, . . . ,m} \N0, and for i ∈ {2, . . . , t− 1}, let Ni be
the set (possibly empty) of dH1(yi) many smallest numbers in {5, . . . ,m} \ (N0 ∪N1 ∪ · · · ∪Ni−1).
Let D1 be an orientation of H0 ∪H1 obtained from D0 by orienting all edges in H1 away from Y ,
and τ1 : E(H0) ∪ E(H1) → N0 ∪N1 ∪ · · · ∪Nt−1 be the bijection obtained from τ0 by first letting
τ1(e) = τ0(e) for all e ∈ E(H0) and then assigning all the numbers in Ni to the edges incident
with yi in H1 for all i ∈ [t − 1]. By the choice of (D1, τ1) and the fact that y1 ≺ y2 ≺ · · · ≺ yt−1,
for i, j ∈ [t − 1] with i < j, s(D1,τ1)(yi) − s(D1,τ1)(yj) > 0 because |s(D0,τ0)(yi) − s(D0,τ0)(yj)| ≤ 4 if
dH1(yi) < dH1(yj), and s(D0,τ0)(yi)− s(D0,τ0)(yj) > 0 if dH1(yi) = dH1(yj). It follows that
0 ≥ s(D1,τ1)(y1) > s(D1,τ1)(y2) > · · · > s(D1,τ1)(yt−1).
8
Next, let H2 := G[N(x)], m1 := e(H2) and let N be the set (possibly empty) of m1 smallest
numbers in [m] \ (N0 ∪ N1 ∪ · · · ∪ Nt−1). Let p := 0 when N = ∅, and p be the largest number
in N when N 6= ∅. By Lemma 2.1 applied to H2, there exist an orientation D2 of H2 and
a bijection τ2 : A(D2) → N such that s(D2,τ2)(v) ≥ −p for all v ∈ N(x). Let n := |G| and
N(x) := {v1, v2, . . . , vn−t} such that
s(D1,τ1)(v1) + s(D2,τ2)(v1) ≤ s(D1,τ1)(v2) + s(D2,τ2)(v2) ≤ · · · ≤ s(D1,τ1)(vn−t) + s(D2,τ2)(vn−t).
Let a1, . . . , an−t be the remaining n − t numbers in [m] \ (N0 ∪ N1 ∪ · · · ∪ Nt−1 ∪ N). We may
further assume that a1 < a2 < . . . < an−t. Then p < a1. Let D be the orientation of G obtained
from D1 and D2 by orienting all the edges incident with x away from x, and let τ : A(D) → [m]
be the bijection obtained from τ1 and τ2 by letting τ(xvi) = ai for all i ∈ [n − t], τ(e) = τ1(e) for
all e ∈ E(H0) ∪ E(H1), and τ(e) = τ2(e) for all e ∈ E(H2).
It remains to show that (D, τ) is an antimagic orientation of G. By the choice of (D, τ),
s(D,τ)(yi) = s(D1,τ1)(yi) for all i ∈ [t− 1]. Furthermore, for all vi ∈ N(x),
s(D,τ)(vi) = s(D1,τ1)(vi) + s(D2,τ2)(vi) + τ(xvi) ≥ −p+ ai > 0, because p < ai.
It follows that
s(D,τ)(yt−1) < s(D,τ)(yt−2) < · · · < s(D,τ)(y1) ≤ 0 < s(D,τ)(v1) < s(D,τ)(v2) < · · · < s(D,τ)(vn−t).
We next show that s(D,τ)(x) < s(D,τ)(yt−1). Note that m = d(x) + m1 + e(H1) + e(H0) and
d(x) = ∆(G) = n − t ≥ 4. By the choice of (D0, τ0) and (D, τ), a1 ≥ 2, and a2 = 4 only when
m1 = 0 and (D0, τ0) is depicted in Figure 2(i). Hence,
s(D,τ)(x) = −
n−t∑
i=1
ai ≤
{
−(a1 + 1 + 2)− (n− t− 1)a2 ≤ −5− (n− t− 1)a2 if H0 6= P5,
−(a1 + a2 + 1)− (n− t− 2)a3 ≤ −7− (n− t− 2)a3 if H0 = P5.
Then s(D,τ)(x) < −4 ≤ s(D,τ)(yt−1) when Nt−1 = ∅. We may assume that Nt−1 6= ∅. Then
|Nt−1| = dH1(yt−1) ≤ dG(yt−1)− 1 ≤ ∆(G)− 1 = n− t− 1,
and |Nt−1| = n− t− 1 only when dG(yt−1) = ∆(G) = n− t and dH0(yt−1) = 1. Assume first that
H0 = P5 and |Nt−1| = n− t− 1. In this case, t = 5, (D0, τ0) is depicted in Figure 2(i), dH0(y4) = 1
and dG(y4) = n − 5 ≥ 4. Let b1, b2, . . . , bn−5 be the n − 5 positive integers assigned to the edges
incident with y4 under τ . We may further assume that b1 < b2 < · · · < bn−5. Then b1 = 1. By the
9
choice of τ , b2 ≤ 8 when n = 9 and b2 ≤ 4 + (n− 5) + 1 = n when n ≥ 10, and ai − bi ≥ n− 7 for
all i ∈ {3, . . . , n− 5}. Then
s(D,τ)(yt)− s(D,τ)(x) = (a1 − b1) + (a2 − b2) +
n−5∑
i=3
(ai − bi)
≥
{
(2− 1) + (4− n) + 3(n− 7) if n ≥ 10
(2− 1) + (4− 8) + 2(n− 7) if n = 9
> 0.
Assume next that H0 6= P5 or |Nt−1| ≤ n − t − 2. Let q∗ be the largest number in Nt−1. By the
choice of (D0, τ0) and Nt−1, if H0 6= P5, then q∗ < a2; if H0 = P5, then q∗ < a3. Hence
s(D,τ)(yt−1) = s(D0,τ0)(yt−1)−
∑
q∈Nt−1
q
≥
{
−4− (n− t− 1)q∗ if H0 6= P5
−4− (n− t− 2)q∗ if H0 = P5 and |Nt−1| ≤ n− t− 2
>
{
−4− (n− t− 1)a2 if H0 6= P5
−4− (n− t− 2)a3 if H0 = P5 and |Nt−1| ≤ n− t− 2
> s(D,τ)(x).
In all cases, we have s(D,τ)(x) < s(D,τ)(yt−1). It follows that
s(D,τ)(x) < s(D,τ)(yt−1) < · · · < s(D,τ)(y1) ≤ 0 < s(D,τ)(v1) < s(D,τ)(v2) < · · · < s(D,τ)(vn−t).
Hence (D, τ) is an antimagic orientation of G. This completes the proof of Theorem 1.2. 
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